Let ℓ and p be odd primes. For a positive integer µ let k µ be the ray class field of k = Q(e 2πi/ℓ ) modulo 2p µ . We present certain class fields K µ of k such that k µ ≤ K µ ≤ k µ+1 , and find the degree of K µ /k µ explicitly. And we also construct, in the sense of Hilbert, primitive generators of the field K µ over k µ by using Shimura's reciprocity law and special values of theta constants.
Introduction
In his 12th problem (1900 Paris ICM) Hilbert asked that what kind of analytic functions and algebraic numbers are necessary to construct all abelian extensions of given number fields. For any number field K and a modulus m of K, it is well known ( [29] or [7, Theorem 8.6] ) that there is a unique maximal abelian extension of K unramified outside m, which is called the ray class field of K modulo m. Hence, as a first step toward the problem we need to construct ray class fields for given number fields. Historically, over imaginary quadratic number fields K, Hasse ([10] ) constructed the ray class field of K by making use of the Weber function and the elliptic modular function. And, after Hasse many people investigated in this theme, for example, see [2] , [3] , [4] , [5] , [6] , [7] , [8] , [9] , [12] , [18] , [20] , [21] , [22] and [28] . On the other hand, over any other CM-fields K with [K : Q] > 2, not much seems to be known so far. For instance, over a cyclotomic number field K with odd relative class number, Shimura ([27] ) showed that the Hilbert class field of K is generated by that of the maximal real subfield of K and the unramified abelian extensions of K obtained by the fields of moduli of certain two polarized abelian varieties having subfields of K as endomorphism algebras. And, by making use of Galois representation Ribet([19] ) constructed unramified abelian, degree p-extensions of K = Q(e 2πi/p ) for all irregular primes p. See, also [17] . Furthermore, Komatsu([14] ) investigated a certain class field of K = Q(e 2πi/5 ) and constructed its normal basis by means of Siegel modular functions. Now, let n be a positive integer, k be a CM-field with [k : Q] = 2n, k * be its reflex field and z 0 be the associated CM-point ( §4). Shimura showed in [24] that if f is a Siegel modular function which is finite at z 0 , then the special value f (z 0 ) belongs to some abelian extension of k * . And, his reciprocity law explains Galois actions on f (z 0 ) in terms of action of the group G A+ on f (Proposition 4.2). Here G A+ = ′ p GSp 2n (Q p )×GSp + 2n (R) is the restricted product with respect to the subgroups GSp 2n (Z p ) of GSp 2n (Q p ). He also constructed in [23] Siegel modular functions by the quotient of two theta constants Φ (r,s) (z) = x∈Z n e 1 2
t (x + r)z(x + r) + t (x + r)s
x∈Z n e 1 2 t xzx for r, s ∈ Q n , and explicitly describe the Galois actions on the special values of theta functions ( §3).
In this paper, we mainly consider the case of cyclotomic number field k = Q(e 2πi/ℓ ) for any odd prime ℓ. Let p be an odd prime and µ be a positive ineteger. We denote by k µ the ray class field of k modulo 2p µ . In Section 5, we define the class field K µ of k such that k µ ≤ K µ ≤ k µ+1 , which would be an extension of Komatsu's idea ( [14] ). We shall first find the exact degree of K µ over k µ for any odd prime ℓ (Theorem 5.5). And, we shall further provide a necessary and sufficient condition for K µ to be the ray class field k µ+1 (Corollary 5.6). In Section 6, as Hilbert proposed, by using Shimura's reciprocity law we shall construct a primitive generator of K µ /k µ in view of special value of Φ (r,s) (z) for some r, s ∈ Q n at the CM-point corresponding to the polarized abelian variety of genus
(Theorem 6.4).
Notation 1.1. For z ∈ C, we denote by z the complex conjugate of z and by Im(z) the imaginary part of z, and put e(z) = e 2πiz . If R is a ring with identity and r, s ∈ Z >0 , M r×s (R) indicates the ring of all r × s matrices with entries in R. In particular, we set M r (R) = M r×r (R). The identity matrix of M r (R) is written by 1 r and the transpose of a matrix α is denoted by t α. And, R × stands for the group of all invertible elements of R. If G is a group and g 1 , g 2 , . . . , g r are elements of G, let g 1 , g 2 , . . . , g r be the subgroup of G generated by g 1 , g 2 , . . . , g r , and G n be the subgroup {g n | g ∈ G} of G for n ∈ Z >0 .
Moreover, if H is a subgroup of G, let |G : H| be the index of H in G. For a finite algebraic extension K over F , [K : F ] denotes the degree of K over F . We let ζ N = e 2πi/N be a primitive Nth root of unity for a positive integer N.
Siegel modular forms
We shall briefly introduce necessary facts about Siegel modular forms and explain the action of G A+ on the Siegel modular functions whose Fourier coefficients are in some cyclotomic fields. Let n be a positive integer and G be the algebraic subgroup of GL 2n defined over Q such that
where
Considering ν as a homomorphism G Q → Q × we denote its kernel by Sp 2n (Q), namely
be the Siegel upper half-space of degree n. Here, for a hermitian matrix ξ we write ξ > 0 to mean that ξ is positive definite.
Now, define the action of an element
where A, B, C, D ∈ M n (Q). For every positive integer N, let
A symmetric matrix ξ ∈ GL n (Q) is called half-integral if 2ξ is an integral matrix whose diagonal entries are even. For an integer m, a holomorphic function f : H n → C is called a (classical) Siegel modular form of weight m and level N if
for all γ = A B C D ∈ Γ(N) and z ∈ H n , plus the requirement when n = 1 that f is holomorphic at every cusp. In particular, f (z) has a Fourier expansion of the form
with A(ξ) ∈ C, where ξ runs over all positive semi-definite half-integral matrices of degree n [13, §4 Theorem 1]. M m Γ(N), R . We denote by A m (R) the set of all meromorphic functions of the form g/h with g ∈ M r+m (R), 0 = h ∈ M r (R) (with any r ∈ Z), and by A m Γ(N), R the set of all f ∈ A m (R) satisfying (2.1). Now, let G A be the adelization of G, G 0 the non-archimedean part of G A , and G ∞ the archimedean part of G A . We extend the multiplier map ν :
A , which we denote again by ν. Then we put G ∞+ = {x ∈ G ∞ | ν(x) ≫ 0} and G A+ = G 0 G ∞+ . Here t ≫ 0 means t v > 0 for all archimedean primes v of Q. For every algebraic number field F , let F ab be the maximal abelian extension of F , and F For a positive integer N, let
Proposition 2.1. For every positive integer N, we have
Proof. [25, Proposition 3.4] and [26, p.535 (3.10. 3)].
. Then we get the followings:
ing of all the R N -invariant elements.
(ii) Let y = 1 n 0 0 x · 1 n ∈△ and t be a positive integer such that t ≡ x q (mod NZ q )
for all rational primes q. Then we derive
where σ is the automorphism of 
Theta functions
In this section we shall provide necessary fundamental transformation formulas of theta functions and describe the action of G A+ on the quotient of two theta-constants. Let n be a positive integer, u ∈ C n , z ∈ H n and r, s ∈ R n . We define a (classical) theta function by
Proposition 3.1. Let r, s ∈ R n and a, b ∈ Z n .
(i) Θ(−u, z; −r, −s) = Θ(u, z; r, s).
(ii) Θ(u, z; r + a, s + b) = e( t rb)Θ(u, z; r, s).
Proof. [23, p.676 (13) ].
For a square matrix S, by {S} we mean the column vector whose components are the diagonal elements of S.
we get the transformation formula
where λ γ is a constant of absolute value 1 depending only on γ and the choice of the branch of det(Cz + D) 1/2 , and
In particular, λ
Proof. Here, the functions Θ(0, z; r, s) are called theta-constants, and these are holomorphic on H n as functions in z ([23, Proposition 1.6]). Z n and e(2 · t rs) = −1.
Note that the poles of Φ (r,s) (z) are exactly the zeros of Θ(0, z; 0, 0) = x∈Z n e 1 2 t xzx .
When n = 1, Θ(0, z; 0, 0) has no zero on H 1 by Jacobi's triple product identity [1, Theorem 14.6].
Lemma 3.4. For r, s ∈ R n and a, b ∈ Z n , we achieve that
n , then we obtain
Proof. It is immediate from Proposition 3.1 and Proposition 3.2.
Proposition 3.5. Let µ and m be positive integers and let r, s
for all rational primes q and a positive integer t, then
Corollary 3.6. For m ∈ Z >0 and r, s ∈ 1 m Z n , let
where t is a positive integer such that t ≡ x q (mod 2m 2 Z q ) for all rational primes q.
Proof. This can be proved by Proposition 2.2 and Proposition 3.5.
Shimura's reciprocity law
We begin with fundamental but necessary facts about Shimura's reciprocity law [24, §26] . Let n be a positive integer, K be a CM-field with [K : Q] = 2n and O K be a ring of integers of K. And, let ϕ 1 , ϕ 2 , . . . , ϕ n be n distinct embeddings of K into C such that there are no two embeddings among them which are complex conjugate of each other on K. Then (K; {ϕ 1 , ϕ 2 , . . . , ϕ n }) is a CM-type and we can take an element ρ in K such that (i) ρ is purely imaginary,
We denote by v(β), for β ∈ K, the vector of C n whose components are
Then E becomes a non-degenerate Riemann form on the complex torus C n /L satisfying
which makes it a polarized abelian variety ([24, p.43-44]). Hence we can find a positive integer δ, a diagonal matrix ǫ with integral elements, and a complex (n × 2n)-matrix Ω such that 
with Ω 1 , Ω 2 ∈ M n (C) and e 1 , e 2 , . . . , e 2n ∈ K, and put z 0 = Ω −1
2 Ω 1 . It is well-known that z 0 ∈ H n . Let Φ : K → M n (C) be a ring monomorphism such that
Then we can define a ring monomorphism h :
Here, h(α) = a ij 1≤i,j≤2n is in fact the regular representation of α with respect to
and z 0 is the CM-point of H n induced from h which corresponds to the principally polarized abelian variety (C n /L, E) ([23, p.684-685] or [24, §24.10]). In particular, if we set
Let K * be the reflex field of K and K ′ be a Galois extension of K over Q, and extend
be the set of all embeddings of K * into C obtained from {ϕ
Proposition 4.1. Let K, K * and {ψ j } be as above.
is a primitive CM-type and we have
Proof. [24, p.62-63] .
We call the CM-type (K * ; {ψ j }) the reflex of (K; {ϕ i }). By Proposition 4.1, we can define a homomorphism ϕ
and we have ϕ
The map h can be extended naturally to a homomorphism K A → M 2n (Q A ), which we also denote by h. Then for
Proposition 4.2 (Shimura's reciprocity law). Let K, h, z 0 and K * be as above. Then for every f ∈ A 0 (Q ab ) which is finite at z 0 , the value f (z 0 ) belongs to K *
Proof. [24, Theorem 26.8].
Remark 4.3. For any f ∈ A 0 (Q ab ) which is finite at z 0 , the value f (z 0 ) indeed belongs to the class field K * ab of K * corresponding to the kernel of ϕ * .
Class fields over cyclotomic fields
We let ℓ and p be odd prime numbers. We also write for simplicity ζ = ζ ℓ . Set k = Q(ζ) and n = 
µ )} and S µ = {(a) | a ∈ S µ } where (a) is the principal ideal of k generated by a. Let E be the unit group of k and let k µ be the ray class field of k modulo 2p µ . Then we have
by class field theory. Further, we let H µ = S µ+1 (S µ ∩ E) and
Since the ring of integers O k of k is equal to Z[ζ] and S µ /S µ+1 is isomorphic to O k /pO k by a mapping
we obtain S µ /S µ+1 ∼ = (Z/pZ) 2n and
Then we get
And, we let
, where k ab is the class field of k in Remark 4.3. Then we achieve
Observe that K µ is the fixed field of
| ωH µ ∈ ker( ϕ * µ ) and
Here,
is the Artin map of k µ+1 /k. 
Then h 
We can then easily see that the rank of M ℓ (p) is equal to the dimension of the vector subspace η µ,1 S µ+1 , η µ,2 S µ+1 , . . . , η µ,n+1 S µ+1 in S µ /S µ+1 .
Lemma 5.4. Let ℓ and p be odd primes and µ ∈ Z >0 . For 1 ≤ i, j ≤ 2n, let
and let N ℓ = n ij 1≤i,j≤n ∈ M n (Z). Then the images η µ,1 , η µ,2 , . . . , η µ,n+1 are linearly independent in S µ /S µ+1 if and only if p ∤ det(N ℓ ). 
The "if" part is obvious. Note that if n ij = 1 (resp. 0), then n i ℓ−j = 0 (resp. 1) because there are no two automorphisms among ϕ 1 , ϕ 2 , . . . , ϕ n which are complex conjugate of each other. Let v i be the ith row vector of N ′ ℓ for 1 ≤ i ≤ n + 1 and let
Observe that v . Further, let M ℓ (p) and N ℓ be as above. If p ∤ ℓh + ℓ n, then for every µ ∈ Z >0 we deduce
And, if p ∤ det(N ℓ ), then we obtain
Proof. By (5.1) it suffices to show that the dimension of η µ,1 S µ+1 , η µ,2 S µ+1 , . . . , η µ,n+1 S µ+1 in S µ /S µ+1 is equal to the dimension of 
Since p ∤ n, we have p | a 0 and so u ∈ S µ+1 . Now, we set
Observe that b n = 0, b n−1 = a n−1 and b n−2 = a n−2 . Consider the following matrix
The last row of M is induced from the coefficients of
Here we claim that if u / ∈ S µ+1 , then the rank of M is n + 2. Indeed, if p ∤ a n−1 or p ∤ a n−2 then we are done. Otherwise, we get b n−3 ≡ a n−3 (mod p) b n−4 ≡ a n−4 (mod p).
Hence by induction we ensure that the rank of M is n + 1 if and only if p | a i for all 1 ≤ i ≤ n − 1. Since u / ∈ S µ+1 , we obtain p ∤ a i for some 1 ≤ i ≤ n − 1, and the claim is proved. In the proof of Lemma 5.4 we already showed that every row vector of M ℓ (p) can be written as a linear combination of the row vectors of the matrix (5.2). Therefore, if u / ∈ S µ+1 then by the above claim for each 1 ≤ i ≤ n + 1 the images of η µ,i and u in S µ /S µ+1 are linearly independent, as desired. Furthermore if p ∤ det(N ℓ ), then by Lemma 5.4 we achieve rank M ℓ (p) = n + 1.
Corollary 5.6. Suppose p ∤ ℓh + ℓ n. Then K µ becomes the ray class field k µ+1 for all µ ∈ Z >0 if and only if dim Z/pZ (H 1 /S 2 ) = n − 1 and p ∤ det(N ℓ ).
Proof. Suppose that dim Z/pZ (H 1 /S 2 ) = n − 1 and p ∤ det(N ℓ ). We claim that dim Z/pZ (H µ /S µ+1 ) = n − 1 for all µ ∈ Z >0 . Indeed, let ε 1 , ε 2 , . . . , ε n−1 be elements of S 1 ∩ E whose images form a basis for H 1 /S 2 . Since ε p i ∈ H 2 − S 3 for all i, the images ε 
Conversely, suppose that K µ = k µ+1 for all µ ∈ Z >0 . It follows from the proof of Lemma 5.3 that |H µ /S µ+1 | ≤ p n−1 , and so |Gal(k µ+1 /k µ )| ≥ p n+1 . On the other hand,
by Lemma 5.4 and Theorem 5.5.
Remark 5.7. (i) We are able to show that det(N ℓ ) = 0 for ℓ ≤ 10000 with an aid of computer computation, from which we conjecture that det(N ℓ ) = 0 holds for all odd primes ℓ.
. When ℓ = 5, we obtain
≡ 1 (mod 98).
Thus dim Z/7Z (H 1 /S 2 ) = 1, and Corollary 5.6 is true for p = 7. In a similar way, we can show that dim Z/pZ (H 1 /S 2 ) = 1 holds for all odd primes p ≤ 101 except p = 3. When ℓ = 7, we see dim Z/pZ (H 1 /S 2 ) = 2 for all odd primes p ≤ 101. So, we also conjecture that for each odd prime ℓ, dim Z/pZ (H 1 /S 2 ) = n − 1 holds for almost all odd primes p. If the above two conjectures are true, then we have the isomorphism
for each odd prime ℓ and almost all odd primes p.
(iii) The following table gives rise to the generators of H 1 /S 2 for ℓ = 5, 7.
Construction of class fields
We use the same notations as in Section 5. Let k = Q(ζ) with ζ = ζ ℓ and n = ℓ−1 2
Then ρ satisfies the conditions (i)∼(iv) in §4. And, we have an R-bilinear form E :
which induces a non-degenerate Riemann form on C n /L. Let
Since {e 1 , e 2 , . . . , e 2n } is a free Z-basis of O k , {v(e 1 ), v(e 2 ), . . . , v(e 2n )} is a free Z-basis of the lattice L, and we get E v(e i ), v(e j )
1≤i,j≤2n
= J.
Then Ω satisfies
because E is R-bilinear. Thus δ = 1 and ǫ = 1 n in §4. Write Ω = (Ω 1 Ω 2 ) with Ω 1 , Ω 2 ∈ M n (C) and put z ℓ = Ω −1
2 Ω 1 ∈ H n . We define a ring monomorphism h of k A into M 2n (Q A ) as in §4. Then z ℓ is the CM-point of H n induced from h corresponding to the polarized abelian variety (C n /L, E) which is in fact a polarized Jacobian variety of the
Let p be an odd prime and r, s ∈ Q n . We denote by h the set of all non-archimedean primes of k and by a the set of all archimedean primes of k. For given ω ∈ O k prime to 2p, we set 
where k ′ is a finite abelian extension of k containing Φ (r,s) (z ℓ ).
Lemma 6.1. Let p be an odd prime, µ ∈ Z >0 , r, s ∈ 1 p µ Z n and z ℓ be as above. Assume that z ℓ is not a zero of Θ(0, z; 0, 0). as a function, so it is R 2p 2µ -invariant. Let ωH 2µ−1−α belong to ker( ϕ * 2µ−1−α ) such that ϕ * (ω) ∈ H 2µ−1−α . Since p ∤ ℓh + ℓ n, it follows from the proof of Theorem 5.5 that (ϕ
finite abelian extension of k containing Φ (r,s) (z ℓ ). By the strong approximation theorem for Sp(n) there exists a matrix β ∈ Γ(1) such that
In fact, β belongs to Γ(2) owing to the facts h ϕ * (ω) ≡ 1 2n (mod 2) and v ≡ 1 (mod 2).
Thus for all rational primes q we obtain h ϕ
Let µ ∈ Z >0 . Assume that r, s ∈ 1 p µ Z n and z ℓ is not a zero of Θ(0, z; 0, 0). Consider the matrices h ϕ * (ω 2µ−1−α,j ) for 1 ≤ j ≤ n + 1 and 0 ≤ α ≤ µ − 1. Then we achieve
for some ω 0 ∈ O k . Also, we can deduce without difficulty
Now, again by the strong approximation theorem for Sp(n) there exists a matrix β 2µ−1−α,j in Γ(1) such that
for some v j ∈ Z. As a matter of fact, β 2µ−1−α,j belongs to Γ(2) due to the facts h ϕ * (ω 2µ−1−α,j ) ≡ 1 2n (mod 2) and v 2µ−1−α,j ≡ 1 (mod 2). And for all rational primes
q we obtain h ϕ
By Lemma 3.4 and Corollary 3.6 we attain that
For each j, let a 2µ−1−α,j , b 2µ−1−α,j ∈ 2p
Lemma 6.3. Let L be an abelian extension of a number field F . Suppose that L = F (α, β) for some α, β ∈ L. Let a, b be any nonzero elements of F and ν = [L :
Since L is an abelian extension of F , so is F (ε) by Galois theory. Thus ε σ ∈ F (ε) for any σ ∈ Gal(L/F), and hence Tr L/F (α) (ε) ∈ F (ε). This impies that α ∈ F (ε) by (6.2). Therefore, we achieve
Theorem 6.4. Let ℓ and p be odd primes, n = ℓ−1 2 and µ ∈ Z >0 . And, let r, s, z ℓ and A ℓ (r, s) be as above. Assume that z ℓ is neither a zero nor a pole of 
